In this paper, we study the regular quantizations of Kähler manifolds by using the first two coefficients of Bergman function expansions. Firstly, we obtain sufficient and necessary conditions for certain Hermitian holomorphic vector bundles and their ball subbundles to be regular quantizations. Secondly, we obtain that some projective bundles over the Fano manifolds M admit regular quantizations if and only if M are biholomorphically isomorphism to the complex projective spaces. Finally, we obtain the balanced metrics on certain Hermitian holomorphic vector bundles and their ball subbundles over the Riemann sphere.
Introduction and main results
Let (L, h, π) be the quantum line bundle over a Kähler manifold (M, g) of complex dimension n, namely, (L, h) is a positive Hermitian holomorphic line bundle such that c 1 (L, h) = ω, where ω denotes the Kähler form associated to the Kähler metric g, c 1 (L, h) denotes the curvature of the Chern connection on the Hermitian holomorphic bundle (L, h), and π : L → M is the bundle projection. The curvature c 1 (L, h) is given by where {s j : 1 ≤ j ≤ dim H 2 m (M )} is an orthonormal basis for the Hilbert space H 2 m (M ). For compact manifolds by Catlin [9] and Zelditch [40] , and for non-compact manifolds by Ma-Marinescu [35, 36] and Engliš [13] , ǫ mg (z) admits an asymptotic expansion as m → +∞
where expansion coefficients a (g) j are polynomials of the curvature and its covariant derivatives for the metric g. For compact manifolds by Lu [33] and for non-compact manifolds by Ma-Marinescu [35] (Theorem 6.1.1) and Engliš [14] , the expansion coefficients a 
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Here k g , △ g , R g and Ric g denote the scalar curvature, the Laplace, the curvature tensor and the Ricci curvature associated to the metric g, respectively. For graph theoretic formulas of coefficients a j , see Xu [39] . For the more references of the Bergman function expansions, refer to Berezin [4] , Dai-Liu-Ma [10] , Berman-Berndtsson-Sjöstrand [5] , Ma-Marinescu [37] , Hsiao [20] and Hsiao-Marinescu [21] . The Kähler metric g on M is balanced if the Bergman function ǫ g (z) (z ∈ M ) is a positive constant on M . Balanced metric plays an important role in the quantization of a Kähler manifold, see Berezin [4] , Rawnsley [38] , Cahen-Gutt-Rawnsley [7, 8] , Engliš [12] , Arezzo-Loi [2] , Ma-Marinescu [35] and Luić [34] . Balanced metrics play a central role when the polarized algebraic manifolds admit Kähler metrics of constant scalar curvature, see Donaldson [11] . For the study of the balanced metrics, see also Engliš [12, 15] , Loi-Mossa [28] , Loi-Zedda [30, 31] , Loi-Zedda-Zuddas [32] and Arezzo-Loi-Zuddas [3] .
If there is a positive integer m 0 such that Bergman functions ǫ mg (z) are positive constants on M for all m ≥ m 0 , (L, h) is called a regular quantization of the Kähler manifold (M, ω), for regular quantizations of compact complex manifolds, see Cahen-Gutt-Rawnsley [7, 8] . Cahen-Gutt-Rawnsley [7] have shown that a geometric quantization (L, h) of a homogeneous and simply connected compact Kähler manifold (M, ω) is regular. If (M, ω) admits a regular quantization, Cahen-Gutt-Rawnsley [7] also have generalized Berezin's method [4] to the case of compact Kähler manifolds and to obtain a deformation quantization of the Kähler manifold (M, ω), Loi in [26] has proved that there exists an asymptotic expansion on (M, ω) for ǫ mg (z) as (1.3) and (1.4) , and all coefficients a (g) j are constants. For the study of the regular quantization, also refer to Arezzo-Loi [2] and Loi [27] .
For the case of non-compact manifolds, Loi-Mossa in [28] have shown that a bounded homogeneous domain admits a regular quantization. For the nonhomogeneous setting, we give the existence of regular quantizations on some Hartogs domains in [6] and [18] .
In [17] , the author studied constant scalar curvature Kähler metrics such that the second coefficients a (g) 2 of the Bergman function expansions are constants on certain Hartogs domains, namely the part (I) of Theorem 2.2 below with λ = 1.
In this paper, we use the coefficients of Bergman function expansions to study the existence of regular quantizations of Kähler manifolds. Firstly, we use Theorem 2.2 to study regular quantizations of trivial Hermitian holomorphic vector bundles and their ball subbundles, and get Theorem 2.3. Secondly, we study regular quantizations of certain Hermitian holomorphic vector bundles and their ball subbundles according to Theorem 2.3, we get Theorem 1.1. Thirdly, we study regular quantizations of compactification of certain Hermitian holomorphic vector bundles over compact complex manifolds, we obtain Theorem 1.2. Finally, using Theorem 1.1 we get the balanced metrics on certain Hermitian holomorphic vector bundles and their ball subbundles over the Riemann sphere CP 1 , namely Corollary 1.3. The main results of this article are described below.
Before describing Theorem 1.1, we first define quantum line bundles over certain holomorphic vector bundles. Let (L * 0 , h * 0 , π 0 ) be the dual bundle of the quantum line bundle (L 0 , h 0 , π 0 ) over a connected Kähler manifold (M 0 , ω 0 ) of complex dimension d. For a given positive integer r, let (L * ⊕r 0 , h := h * ⊕r 0 ) be the direct sum of r copies of (L * 0 , h * 
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Let M := L * ⊕r 0 or B(L * ⊕r 0 ). Given a real smooth function F with F (0) = 0, let
be a Hermitian metric on the line bundle L over M , where the Hermitian metric p * h 0 on line bundle L is pull-back of h 0 under the map p. If ω F := c 1 (L, h F ) > 0, then (L, h F , Π) is the quantum line bundle over (M, ω F ). Let g F be a Kähler metric associated to the Kähler form ω F = c 1 (L, h F ) on M .
Theorem 1.1. Under the assumptions above, further suppose that (i) There exists a non-negative integer m 0 such that
for all m > m 0 . 
for the case of d = 1, and Let 
and metrics mg F are balanced metrics on M for all m ≥ r.
(II) For c > 0, k = r = 1, M = O CP 1 (−1), let g F be the Kähler metric associated to the Kähler
Then (L, h F ) is a quantum line bundle over (M, g F ), and metrics mg F are balanced metrics on M for all m ≥ 1.
Recently, Aghedu-Loi [1] has get the same conclusion as the part (II) of Corollary 1.3.
The organization of this paper is as follows. In Section 2, we study regular quantizations of trivial Hermitian holomorphic vector bundles and their ball subbundles. In Section 3, Section 4 and Section 5, we give proofs of Theorem 1.1, Theorem 1.2 and Corollary 1.3, respectively.
Regular quantizations of trivial vector bundles and their ball subbundles
From Lemma 2.4 and Lemma 2.5 of [17] , we have the following lemma. 
Let g F be a Kähler metric on the domain M associated with the Kähler form
Let k g , ∆ g , Ric g and R g be the scalar curvature, the Laplace, the Ricci curvature and the curvature tensor with respect to the metric g = g φ or g F , respectively. Put
We have the following conclusions.
(i)
and
.
and a
are constants if and only if
(2.9)
Remark 2.1. For other proofs of the formula (2.1), see [22] and [19] .
Proof. We only give a proof for the part (i), because the part (ii) and the part (iii) are derived directly from the part (i).
For the case of λ > 0, let
where g φ and g F are Kähler metrics associated with the Kähler form ω φ and ω F , respectively. By Lemma 2.4 and Lemma 2.5 of [17] , we have
(2.16) For the case of λ < 0, since k g F , |Ric g F | 2 , △ g F k g F and |R g F | 2 are rational functions in λ under given any (z, x) ∈ M , it follows that (2.1), (2.2), (2.3) and (2.4) still hold for λ < 0.
Using Lemma 2.1, We get sufficient and necessary conditions for both the first two coefficients of the Bergman function expansion for (M, g F ) to be constants. (
if the fibre metric of g F is complete, then both a
are constants on M if and only if 
are constants on M if and only if
(2.21)
Proof. Our first goal is to show that ϕ is a polynomial if both a (g F ) 1
and a (g F ) 2
are constants.
By (2.5) and (2.6), if both a (g F ) 1
are constants, then a (g φ ) 1
and a (g φ ) 2
are constants, thus |R g φ | 2 − 4|Ric g φ | 2 and |R g F | 2 − 4|Ric g F | 2 also are constants. From (2.5), ϕ(x) can be written as 
which follows that B d 0 −2 = 0 for d 0 > 2 and C d−1 = 0 for d > 1. Thus from (2.22), ϕ(x) can be written as
(2.23)
Substituting (2.23) into (2.5), we obtain
for k 0 > 0 or k 1 > 0, respectively. Here
Then B k 0 = 0 or C k 1 = 0, this conflicts with the definitions of k j , j = 0, 1. Namely, B j = 0 for 1 ≤ j ≤ d 0 − 3 and C j = 0 for 1 ≤ j ≤ d − 2. Now prove the rest of Theorem 2.2.
Since the metric g F is defined at t = −∞, it follows that ϕ(0) = 0 and ϕ ′ (0) = 1. Hence ϕ(x) = x + Ax 2 .
Substituting ϕ(x) = x + Ax 2 into (2.5), we have 
(2.28)
= 1 24 (n − 1)n(n + 1)(3n + 2)A 2 .
(2.29)
For the case of d > 1, by (2.26), (2.2) and (2.4), we get
= 1 24 (n − 1)n(n + 1)(3n + 2)λ 2 .
(2.32)
Using (3.9) of [16] , it follows that
ce t , A = 0, c > 0;
(2.33)
For the case of
The completeness of the fibre metric of g F requires 0 −2 log 2 F ′′ (t)dt = +∞.
Using (2.33), we have
From g F is a Kähler metric on M , it follows that 1 + λF ′ (t) > 0 and F ′′ (t) > 0 for −∞ < t < 0. So by λ = 0, we get A > 0 and λ > 0. For the case of M = Ω × C d 0 . If A = 0, then d = 1 and F (t) = ce t , it is easy to see that the fibre metric of g F is complete at this time. If A = 0, since 1 + ce t = 0 for −∞ ≤ t < +∞, it follows that c > 0. By (2.33), we have
As λ = 0, 1 + λF ′ (t) > 0 and F ′′ (t) > 0 for −∞ < t < +∞, it follows that A < 0 and A ≤ λ.
The following we give sufficient and necessary conditions for some trivial Hermitian holomorphic vector bundles and their ball subbundles to be regular quantizations. 
Set g F is a Kähler metric on the domain M associated with the Kähler form
Suppose that there exists a set E ⊂ [0, +∞) such that
for α ∈ E, where Hol(Ω) denotes the space of holomorphic functions on Ω, and E satisfies
Let K α (z,z) be the reproducing kernels of H 2 α (Ω), the Bergman functions ǫ αg φ for (Ω, αg φ ) defined by ǫ αg φ = e −αφ(z) K α (z,z). In the same way, define the Bergman functions ǫ αg F for (M, αg F ).
(I) Given a number α 0 ∈ E, assume that the fibre metric of g F is complete, then Bergman functions ǫ αg F are constants on the domain Proof. The following we only prove necessary conditions, sufficiency conditions are obvious.
As ǫ αg F are constants on M for all α ∈ E ∩ [α 0 , +∞), thus
are constants, and a (g F ) 1
By Theorem 2.2, we have
Put where m = (m 1 , m 2 , . . . ,
Let dσ be the Euclidean invariant measure on the sphere S 2d 0 −1 , using integral formulas
,
we obtain
According to (2.39) and (2.42), we get the orthogonal direct sum decompositions
Then the reproducing kernels of H 2 α (M ) can be expressed as
where K α (z,z) are the reproducing kernels of H 2 α (Ω). Applying K α (z,z) = e αφ(z) ǫ αg φ (z), K α (z, w, z, w) = e αΦ F (z,w) ǫ αg F (z, w) and (2.44), we have
45)
where ρ = e λφ(z) w 2 .
Talking w = 0 in (2.45), using F (0) = 0, we get 
(2.49) Using (2.48) and
we get
Which combines with (2.49), we obtain
(2.50) Combining (2.50) and
it follows that
(2.51) Using (2.45), (2.49) and (2.51), we have
(II) For M = Ω × C d 0 , d = 1, c > 0 and λ = 1, substituting 
which combines with (2.45) and (2.53), it follows that
(III) For M = Ω × C d 0 and λ = −1, using
Using (2.55) and (2.56), we have
Namely
According to (2.57) and
we have
So from (2.45) and (2.56), we obtain
3 Proof of Theorem 1.1
In order to prove Theorem 1.1, we need the following lemma. Lemma 3.1 can be proved by using Skoda's lemma (see e.g. Lemma 2.3.22 of [35] ) and its application ( [35] , (ii) in Lemma 6.2.1), for details refer to Lemma 4.1 of [29] .
Proof of Theorem 1.1. The part (II) can be proved in the same way as the part (I), so only the proof of the part (I) is given.
Suppose U is biholomorphically equivalent to a domain Ω ⊂ C d , and
is an analytic homeomorphism such that for every z ∈ U the map 
For the vect bundle L * ⊕r 0 over M 0 , since
is an analytic homeomorphism, it follows that
is also an analytic homeomorphism, where τ * (z) are the duals of τ (z). So
For any s ∈ H 0 (M, L m ), then
where f is a holomorphic function on a domain
Let 
it follows from [23] that M 0 is simply connected. Using the uniformization theorem, we infer that M 0 is biholomorphic to a complex projective space CP 1 . Due to Ric g 0 = 2a be the Euler-Poincaré characteristic of a holomorphic vector bundle V over a compact complex manifold X. The Hirzebruch-Riemann-Roch formula is given by
where the total Todd class td(X) is defined by
and the total Chern character ch(E) is given by
The above c j (V ) are Chern classes of V , and c j (X) are Chern classes of the holomorphic tangent bundle of X. For X = M 0 and V = L m 0 , from the Hirzebruch-Riemann-Roch formula, it follows that χ(M 0 , L m 0 ) is a polynomial in m. Since L 0 is a positive holomorphic line bundle over the Fano manifold M 0 , it follows that
By the Kodaira vanishing theorem (e.g., page 68 of [24] ), we get (m + j).
According to Theorem 1.1 of [25] , M 0 is biholomorphic to the complex projective space CP d . Using Corollary 4.2 in [2] , there is a positive integer j and an automorphism Υ ∈ Aut(M 0 ) = PGL(d+1, C) such that ω 0 = jΥ * ω F S . As a for u = wτ (z) ∈ E and z ∈ Ω. By Ric g 0 | Ω = − √ −1 2π ∂∂ log det(∂∂φ) and Ric g 0 = (d + 1)ω 0 , we get Ric g = (n + 1)ω on E. Using ω can be extended across M − E, then Ric g = (n + 1)ω on M . It follows from [25] that M is biholomorphically isomorphism to the complex projective space CP n .
Proof of Corollary 1.3
Proof of Corollary 1.3. It is well-known that CP 1 is defined by 
